Formulation first part of the problem

For m,n € N and sequences
ai, az,...,an € R,
bi, b, ..., by €R,
0<ty<t < - <ty <00,
0<s<s1 < <5 <0,

Iet f(t) = Zln:]_ ai:ﬂ'(t,',l,t[](t)’ g(t) = Z;T;]_ bl']]‘(s,',l,sl‘](t)'
Define:

n

I(f) = Z ai(Wy — W) I(g) = Z bi(Ws, — W, _,).
i=1

i=1

Then we have to show:
E 1(F)I(g) = /0 F(D)g(t)dt.
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solution first part, part 1

We have:

EI(F)I(g) =EY  a(Ws — Wi,_ I)Zb( Ws,_,),
i=1
= ZzaibjE(Wti - Wtiﬂ)(W WSJ 1)
i=1 j=1

n m
= Z Z aibjE(Wy, Wsj - Wy Wsj—l - Wy, Wsj + Wy, Wsj—l)’
i*lj*l

—ZZa, (ti As;) — (ti Asj1) — (ti1 Asp) + (tio1 Aspo1)).

i=1 j=1
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solution first part, part 2

Now we analyze the summed term, for all /7, j:

(t,' A SJ') — (t,' A SJ'_1) — (t,'_l VAN SJ‘) + (ti—l A Sj_l)
ti—ti—ti_1+t_1=0 if Sj—-1 > tj,

Sj—S —Sj—-1+Sj-1= 0 if ti_1 > Sj,

(1.',' VAN SJ') —Sj—1—ti-1+ (1.','71 VAN ijl) if (51;1 < t,') VAN (t,',l < Sj).
(= (ti A ) = (ti1V sia)

As for all x,y € R:

(xVy)=—=(=xA=y)==((0Ax=y) = x)
=—((yAx)—x—y)=x+y—(xAy).
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solution first part, part 3

So actually

Z Z al t’ A SJ (ti—l v S’J'—l)) ]]'(ijlgti)/\(tiflgsj)'

i=1 j=1

Now we analyze the L2[0,c0) inner product of f, g:

/0 F(t)g(t)dt = /0 > ail(esaa () 1 Bl ()
=1 j=1
—Zzal / Ligp,07(t) (g5 (t)dt

i=1 j=1
= Z Z aibj ((ti A'sj) — (ti-1 V sj-1)) 1 (si—1<ti)A(ti—1<s;) = E I(f)I(g)-
i=1 j=1

So indeed, for these arbitrary simple functions, we have
EI(F)I(g) = [y~ f(t)g(t)dt.
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Solution second part of the problem, part 1

Show that these simple functions are dense in L2[0, c0):
Consider Hermite functions

dn
Un(t) = (1@ R e L e
They form an orthonormal basis for L2(R) and are obviously continuous.

Let f € L2[0,00), then 3(an)nen € F2(R) and functions gx := Zﬁ:l antn
such that Hf]l[o’oo) — ngZ k_—>>oo 0.
Hence g, restricted to [0, 00) is an approximation of f on L]0, 00).
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Solution second part of the problem, part 2

Consider v for some n, and the simple functions:

k2k—1

lbrl;,l: Z Ljio-k (i1)2-k) inf Pn(t)F.

io—k (] —k
=0 te[i2—k,(i+1)2—k)

Then wﬁl < bt for all k and as 1, is continuous, ;" is continuous and
hence 9f 1 (t) — W, (t) for all t € R.

Now, [if —f1[* < 4(¢;)" and as A(¥7)°) < A(¥7) < oo, we have by
dominated convergence that A([¢ — ,’ﬁ’1|2) — 0 as k — oo and hence

z[)k kopo Pt in 120, 00).

By same reasoning, we have 1/),’;72 approximating 1, in L2[0, 00).
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Solution second part of the problem, part 3

We now see:
0 < M(¥n — (Vf1 = ¥pa))?) = A((WF = ¥k1) = (y — ¥h2)))
< 2(A((w — ¥k 1)%) + Ay — vE2)?) 0.

Hence ¢, can be approximated by ¢ := ¢f | — 1k ,.
Now

r—00 k—o00

r r
. . . k R
f= rILrQO E 1 antp = lim lim E 1 any. (still simple).
n= =

Use bijection between N? and N to see that for all f € L]0, o0):
— lim of
f(6) = lim h(2)

where ¢! is a sequence of simple functions restricted to intervals,
depending on f. Hence these simple functions are dense in L2[0, 00).
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Solution third part of the problem

Show that [;° f(t)g(t)dt = EI(f)I(g) for all f,g € L?[0,00):
As I(-) is an isometry we know that by the BLT-theorem, I can be
extended to the whole of L2[0, c0) with

I(f) = lim I(¢f) € L2(P).

As strong convergence implies weak convergence in a Hilbert space, we
have for all f, g € L?[0,00) with g simple:

| foetde = fim [~ o0y = fim EX@IE) = EXI(E)

as both L2]0,00) and L?(P) are Hilbert spaces.
Repeat the procedure to show the identity for arbitrary f, g.
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Questions?
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extra stuff

Consider
[ (Floe = g = [ (F = £)p) — 1m0l
0 0
= / (f — gk)?dt +/ g2dt “=° 0.
0 —00

Hence gy restricted to [0, 00) also approximation of f in L2[0, 00).
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